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USE OF THE MIMEN TU#  TNTECRAL EQUATION FOR 260
PRESSURE  GRADIENT  FLow

For speval cage 0j f/ou/ Over o //af plute, () = consdart

From @emw/h"s eoluah'a/) We See “ﬂaf %gr Fhs Caa—e) /):cany%i

OII’MI, {'hu! dP/DlX :—0
The momentum /'/ﬂegm( equ atin then reduces to

- v 3 S
i Iol)'\ : (/b( . U(i U) 3

j J ne/ fnfe.?mhlm ;’/‘f Va/’;}:lb)& iy c/f/;‘/md ay
1= J%L then  dy = Sdnp

and — momenlym  in f{’jm' equativg ofar 2¢r0  Préssuce gfao//é’ﬂf 13 Wi

/
Zo= &Y 40 ?'f’éj Ufy_u
i dx o I x 0 U( U)Jf

In gedec o solve  thi €quaf{9f) g/Jr bwwm/a?,/%m Fhickness,

we  mut
i) Assume a  velouty pProfde /0 the fo-"g?
L g
| “ § ) \

.»\L’\\
2) Assumed ue/oc/fa /)/J-O’fz'lé should 35,%;3}? fhe /U//ULJ;::T}}-‘\F_

bguna’wj conditions :



ot U:D (=P
ai‘ U :J ;!;"F» o R
atb J = 4 ; v =1
y
at ’Ej ={) QZUU*
g2 0
3) 0 btan 2y

= 0. J Y (y_u B
[3 -. S ) 0 (1 D-') d/L = Wastant
él) The  momegtum  in ft?ﬁml equa hon  become)

Zo= 80" 4L 3 = 4
ax /Jé?@

EXQQEIC.' Cgr}s;ﬂﬂ/ (af”ﬁ'na/ j/@tj over o '//qt ’plafﬂ. f’SJumz
the Uc/dé!'/a /ora/;fe /n the jlofn/)

u Lo b _(d— ¢ d i—)j -4
B L) i
a) Find the venpdng o / the boundary /a(?e/ Thitkpess

b) Dedermine the wvall Shears stress coe//)’(,’fﬂf, C;.

at ng U =0 =5 g =D
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ot yzo 2L =)
3 [ =D O.:: ZC = peld
(at =0 2 )
a:l’
l= b+d
~ 0= b+3d
1 = =24 e d = —-.12_ and Z):_.%_

5 Velam'la Projple becornsd

3
i e

T he Wall $hear 3tress 0 |

“er R R R a0y 2

We are now 1N d ,OOJ};’/'O;O fo a/)/)/é, Mﬁmn}mi’um mafe(?m(
equatio)

1
z,= syt 4L i’_(f,_g..)d{

dx Jo U

, &
A T G TR A
o i dx ). [ 31~ F1)U 71507

—

or HNS éqwaqf,'@,) may be /eaf/ang,nj aJ



1

3/”0 ,Q 3 .-_(LZ t 53, 3 4 1 6 d

ZJSU?’HJ“][TIL 7 =t d -l ) 1
D

J/]fﬁgfq%f/?g and 3(;/9&1‘17{,«41'/15 Lim, t %/er

3M_ 39
2§8() 280  dx
or
$d§ = HIH gy
432
/rﬂ'{é’g{ah}?? /1
2.
_§_ = }é_q_ﬂ__)( - i
z 13 SV
f'(} Bty asemed that- L=l g x=0, they ¢=0 and tha
{ = 200 M X o _<_§_: 4641
1380 X \/_ﬂ'e;
The wall shear stress coefficrent, C/
%
e B G e :31‘:’_%
1 o o e
531/ 1 ¢t 3U$ SUx
% ,zgu
e Ve — 0448



EXAMPLE 9.3—Laminar Boundary Layer on a Flat Plate: Approximate
Solution Using Sinusoidal Velocity Profile

Consider two-dimensional laminar boundary-layer flow along a flat plate. Assume

the velocity profile in the boundary layer is sinusoidal,

M_, ‘TTZ
i O

(a) the rate of growth of & as a function of x.
(b) the displacement thickness, 6", as a function of x.
(¢) the total friction force on a plate of length L and width b.

Find expressions for:

EXAMPLE PROBLEM 8.3

GIVEN:  Two-dimensional, laminar boundary-layer flow along a fiat plate. The boundary-
i layer velocity profile is

¥ egslis e
U sm(za) forO=sy=4é ’r—_-
and 3 )L,”’ d(x)
E=1 for y>4é = )
FIND: (a) &(x).
' by 6°(x).

(c) Total friction force on a plate of length L and width b.

| SOLUTION:
For flat plate flow, U = constant, dp/dx =0, and

- —3 2 — — 1
U S = 1-2) dn 919 |

i Assumptions: (1) Steady flow
| (2) Incompressible flow
|

T into Eq. 9.19, we obtain

Substituting % = sin 3

zda : o T i
Tw = pU EL sm-i-n(l smEnJ dn

,daz[ 1 ]‘
17+ sin 7
2 0
2‘152[0+1——-|-0+0 O]
dd dé
. =0. 289 L pod®0. poy
7, =0.137pU2 = = BpU == B=0.137
Now
Tuuﬂ_u] ” E&(:J/U)] ) yﬂcosz] _wul
S P Ly B R, B




Therefore, -

U 2
w = —=—=0.137
- 2 pU

ﬁ
dx

Separating variables gives
[
86dé=11.5—d
pU “*

Integrating, we obtain

52
—_= II.SLx+c
2 pU
{ But ¢ =0, since §=0 at x =0, so
X[
6= [23.0—
pU
or
5 & 4.80
;_4'80 pUx /Re, 6(x) |

1

| The displacement thickness, 8%, is given by

1
5*=5L (1~%)dn

: L 2
=6L (l—smfn) dn—a[n-r-;cos

-2

K

1
2"]0

5 =8 [1-0+0- 2]
™

Since, from part (a),

then -

5" _(I_E) 480 _ 1.74

IRe. - JRe. | 8'(x) |

The total friction force on one side of the plate is given by

F =J Tw dA
Ap

Since dA=bdx and O=x=L,

é

L L dB L
F=J wadx=J pul—xbdx=pyzbf de = pU?bl;

0 0 d 0
=[50 §) o] 1= 5) an-por
4.80L :

W Re;_ i

From part (a), B =0.137 and 8, =

S50

_ 0.658pU%bL

F
Rey. F

plate, laminar, boundary-layer flow.

[This problem illustrates the application of the momentum integral equation to a ﬁal] :
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APPROXIMATE SotuTron OF THE TURBULENT FLOW  QUER
A FLAT PLATE wiTH 210 PRESSURE GRADIENT

//-o Staf  the  approximale  sglitivn , /1 g fecessasy fo adsume
a velguly profile in the form Wy = Flyld). For the
asSamed Je/au'fa ,’)/d/’/c/ one  riay Ui the  power o, Jore
which Y groen 1)3

/ N
Hoi (i) =
Y, §
A exponeat Ud’( n= 1/7 5 ‘L(]/’)'Co//a Voed 1o model the

U&/Ou'lﬁ /)faf,& .
5o )"

However,  this profpte  does not hold i the immediate

1)7

vf'c/m’fa ‘)(7 the wall, since at the wall 't predicss
o’u/da —b 00 Conge7uen/f‘a, we  camot ure this /omj‘/c, /n the
affa(,n;’i;‘an J(f 2w o For turbuleat //.m, Zy S eWalugted b;
the expression developed  for ppe flow.

e 0.25
T =0.03325 8V [__E___
KV
l"/(p(- d ,_'1}__ —ljgqu/ Pn}/,’le N Yz /D;Z}Q V/U = U Pj? ana’
IZ =4 Subﬂf’a‘w’m; thiy Values jolo abode €XPressiin, gae
ab;th

A 1
7= D.023% 3| <Uy§) &
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The  momentum /'/-’H'c"gm( e(/tﬁlc-u‘fm‘ /w 2erp pressuce 3@;1,@:4} /Zaa./f :
;1
l {
Zw = SU .,d_g.J .?_.(1——_”;),;/4
TR

Jx

SUbﬂHu '!fﬂé L ol U/U and m/f’afghhg , We 0biaip

p \M gy (o m) g g dS
0,0233<m__) ___OI,)_(_L? (12)7_72 o5

-ThMS we€ abiafn a d!?ff!ﬂﬂ}l’ﬁ( €guaa‘ﬁr’] /Of J:
e I 0,240(_5_.)”4 Ax

Inffaras‘ma 3:1/18.)
S)4 14
LAY ST 0( ’()))—) ¥ oL

-3
1 4 5 asumed that §X0 at x=0 , then =0, onf
M s
g.-;aza’z(l—-) e
v
1)5

E 0.352(!__ _ 03wz
UX Ee):'ls

gYr

S
X

Tﬁe skin Efn'c.fh?ﬂ (Jéjf;'(;'ﬂ/?f : ng
Cf = qu . = 0.9455(—2——)
13y US§

Sub ga‘f"iua‘mé Jer‘ .[r

i




'US& OJ f/m Momenvm //}ffjrg( 8476/@)‘1'0/) 1Y an appro Ximate
iec}m;'que to  predict baundmg —laaxr developmenty the
Eqwqh\?n pre dicts  trends (o f/éb?l/(‘j 2 Pa/amm‘t’f_& GJ Lo ar
bwndarw lager vary 4§ Ee}_uz; M&Mizf;r the
tur bulent bwadaf? ’Iac"f” L/afa Gy fej 'Y The furbuloyy

bouﬂdaﬂd /agff develops more fa/;fd/oy than the laminar
bvuf»‘a/ara Ia(?fr,

EXan;Q Je : Water with 4 /F/m'fa Jf 1000 LJ /n73 and
kinematic  viscosty oF Iy 0% hn s //"”"’?J over a flat
plan‘e ’ Water qufoao}léf to the f Jat /O/afe. at o UHJJW ~}
velog 'fa aj 0.5 mjsn. The //a-f /ola fe /5y &m faaf and

2 m  wide. Determune the jr;'dfaﬂ &/ra; on one sife c?/
l‘}'b@ J/qf Plafe.

w: f/) ﬂfcfé’f 7(0 6&{1’/1*71?14& va,e ///Z){J'Jﬁ 0/1’0;

an  gne side JJ the //af /o/m’e, prne  should /-;}jf

Ul?jf'ffmhe- whethe, the //aw ovey the /jqf p/cﬂtt 15 jﬁm:)}a,’
gr tucbuleat.  For  this reason, the ciitical jfﬁﬂl‘/} /’Qm
transi 1ion /zam the jaﬁ?f;’)af j/m/ /éj;'/r)&w to the turbules?

/Pg;’nfuz ﬂmeJ be (/E'e/f/mf}?w!. Sfﬂé--"—,

Re. . Vle _ cppopo
v

then  the crrtical jf/’ﬁﬁ’/ LL/ /ﬁf transition 13
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-6 ;
Lo = Phec _ 110" 000 _
U 0.5

/‘/9006. there €)v'J}S bw’h /anzf?fa/ anc/ a furba//ﬂf
boundary Aayer  gver the  Jlut plate.

U=0Smfsq .
i il
! Larm04” (ase? =n
. ( lur bulept Aoundafa Iacﬂr

L) 24 JTANI )T 7 PRI FT IT Y T2 7 7 4 P79 772277
xcrfﬂ)

L= &m "

v

The dfaa /Wae,/ D/ 0n the 6;/7/5.;7‘ plate maa be
E’\/a,ua)'f'd Ly

b = Dlam;mf T D+urbuimt
S L
D = J Zw? bdx + j Z"‘/tfbdx
¢ e Xc :
Since: (= Citary . B8
an 2 ;
L3 \Re, ,
Lo, - UX
E"x Y

& sscplilivrios oo 059
L e Re, 5




N—
Zuy, = 0886 13)% - 0.33230" (y_)h

— s
Zoityy = L0590 é_gu"’: 0.029% 80" (__Z._)

There fore
/ Xc,:.‘l !/2 b= C? 1/s
o 0= [ ems () b s | aoms()en
0 UX )(7-1 X

i ol
= 0.3323u"1>(__l>;_)‘/’ (‘zx”z)/ +

v

- a3 (1) e ey ‘”’”") )’

1

¢
D—Ozgzywmomz.{ ) 2}1”2) N

O L N
+ 0.0297 3 100 % 0.5 'y 2, (_9_,‘) *il Yy — 1 ]
0.5 4

Do B ke bW



