ME302 FLUID MECHANICS 11

In ME301 Fluid Mechanics | course, we developed the basic equations in integral form for a
control volume. The integral equations are particularly useful when we are interested in the
gross behavior of a flow and its effect on various devices. However, the integral approach does
not enable to us to obtain detailed point by point knowledge of the flow field.

To obtain this detailed knowledge, we must apply the equations of fluid motion in differential
form.

CONSERVATION OF MASS (CONTINUITY EQUATION)

The application of the principle of conservation of mass to a fluid flow yields an equation which
is referred as the continuity equation. We shall derive the differential equation for mass in
rectangular and in cylindrical coordinates.

Rectangular Coordinate System

v

777777 ~Control volume The differential form of the continuity equation may
A be obtained by applying the principle of conservation
”\E | dy of mass to an infinitesimal control volume.

|

The sides of the control volume are dx, dy, and dz. The density at the center, O, of the control

volume is p and the velocity is V=us +v]’ +wk . The values of the mass fluxes at each of six

faces of the control surface may be obtained by using a Taylor series expansion of the mass
fluxes about point O. For example, at the right face,

op\dx (&p 1[dxj2
x=p+| — |—+| — |=| = | +
Plos=p (asz (ax2 21 2

Neglecting higher order terms, we can write

and similarly,



The corresponding terms at the left face are

op \( dx Op dx
X = +| — —_ = P A
Pls=p (8xj[ 2) P 2

(GUJL dxj ou dx
U) s=U+|—| ——|=Uu-——
3 OX 2 oX 2

A word statement of conservation of mass is

Net rate of mass flux out N Rate change of mass _0
through the control surface | | inside the control volume |

Ip\7-dA+§jpdV=O
CS Cv

To evaluate the first term in this equation, we must evaluate j oV -dA. The mass flux
CS

through each of six faces are shown in Table below.



Table. Mass flux through the control surface of a rectangular differential control volume

Surface Evaluation of / pV « dA
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= e ol e + |+ ) = |dydz= Z — | +p| = | |dxdydz
(+x) p ()‘) > | -u )72 | dydz= pudydz + 2 U\ 5 P\ 5 dxdyd

r 9o\ vl T v\ dy ] ), 0
:3_0;})0"‘ =— -/) - (i—/‘) %‘ _v - (%) ?\ dxdz= —pvdxdz + [ <(0/\)> tp (%)]d‘ dy dz

Top [ op\ dy] [ Ov\ dy | ()p ov

— -|— A SR B 52 -} S B xdz = . + -
(+y) _p ((‘ _\‘> 2 | -v ((_ v) 2 | dxdz= pvdxdz + ()-\ P 0) dxdydz
?j?l)( =—|p-— (‘3)—‘3) %: w— <%> (;—: dxdy = —pwdxdy + % w ((())p) +p <(())H>]d\ dy dz
Front [ ap\ dz] [ ow\dz| , ] dp ow i
) -p + (()_:> ? _n‘ + <(—~> E dxdy = pwdxdy + 3 [u (()\,> p(c)\.)]d\ dydz

Adding the results for all six faces,
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The net rate of mass out through control surface is

opu apv OpW dxdydz
ax 6y oz

The rate of change of mass inside the control volume is given by



% dxdydz
ot

Therefore, the continuity equation in rectangular coordinate is

8pu+8pv+8pw+6_p:0
OX oy oz at

Since, the vector operator, V, in rectangular coordinates is given by

V=—z+—j+£l€
oXx oy~ oz
- 6p
V-pV+—=0
2T A

Two special cases, the continuity equation may be simplified.

1) For an incompressible flow, the density is constant, the continuity equation becomes,

V-V =0 A N W
ox oy o
2) For a steady flow, the partial derivatives with respect to time are zero, that is gz 0.
Then,
V-(p\7)=0 U | OV TP _ g
ox oy o

Example: For a fluid flow in xy plane, the velocity component in the y direction is given by
22
V=y -X"-2y.

a) Determine a possible velocity component in the x direction for steady flow of an
incompressible fluid. How many possible x components are there?

b) Is the determined velocity component in the x direction also valid for unsteady flow of
an incompressible fluid?

Basic equation: V- pV + %0 =0

a) For steady incompressible flow V \7 =0

For two-dimensional flow

a_u_|_@:0 or
oX oy
@:—@:—Zyjtz
ox oy



Integrating the equation with respect to x yields,

u=-2xy+2x+ f(y)

Since, any function f(y) is allowable, the number of expressions for u to satisfy the differential
continuity equation under given conditions is infinity.

b) Whether the flow is steady or not, the continuity equation for incompressible flow is

V-V =0. Therefore, the velocity component in the x direction is also valid for
unsteady flow of an incompressible fluid.

t

Example: A compressible flow field is described by pV = (ax? —bxy])e"‘
Determine the rate of change of the density at pointx=3m,y=2mandz =2 mfort=0.

Basic equation: v pV + %0 =0

6,0_ —'_ a . 8 - 5 g - - —kt
E——V-pv ——[&1+51 +§kj-(axz—bxyj)e

%’0 =—(a-bx)e™ =(bx—a)e™

for(x,y,z,t)=(3,2,2,0)

%P =(3b-a)e** =(30-a) [r:_gs}

Cylindrical Coordinate System

In cylindrical coordinates, a suitable differential control volume is shown in the figure. The
density at the center, O, is p and the velocity there is V =V.€, +V,§, +V.§,



(a) 1sometric view (b) Projection on r@ plane
Figure. Differential control volume in cylindrical coordinates

To evaluate I pV -dA we must consider the mass flux through each of the six faces of the
Cs

control surface. The properties at each of the six faces of the control surface are obtained from
Taylor series expansion about point O.



Table. Mass flux through the control surface of a cylindrical differential control volume

Surface Evaluation of / pV < dA

i [ p\ dr] OV, \ dr Ir dr WV,\ d p\ d
zf“lf;’e -|p- (3-’)’)% {v,. - (“(,)I_) %] (r - %)(10 dz= pV, rd0 dz + pV, - d0 dz + /)<(()' ); L i0dz+v, (:)ﬁ’); %du dz
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Adding the results for all six faces,

/ /)‘7 “dA = Wo
Jes

00

V.
0z

dp

v, ,
A% +l{p<d) > + V,,<_

or

ap

R

0

) la) ular)y (&

() pV.
0z

) +V, (d)l > H(lr d0dz

or

OpV;

b s opV,
/ pV e dA = {/)V +r——~ e
Jes or

d0

}d: d0 dz

The net rate of mass flux out through the control surface is given by

|:,0Vr+r ra'gllz}drdedz

The rate of change of mass inside the control volume is given by %prd odrdz

opV, , 3PV, |
06

In cylindrical coordinates the continuity equation becomes

opV, N opV, N
or oo

r PV
oz

8,00

PV, +r

Dividing by r gives,



PVe , OV, 1OV, OV, p
r or r o0 oz ot

or
10(rpV)  10(A) , 8(A%)  ap
r o r a0 a

In cylindrical coordinates the vector operator V is given by

o. 106 . 0.
V=—€ +——¢€, 6 +—€
or roo 0 o7z

Then the continuity equation can be written in vector notation as

- Op .
V-0 +2Z=0 Note: —=¢€
AP a

Two special cases, the continuity equation may be simplified.
1) For an incompressible flow, the density is constant, i.e.,

. o(rv
V.V -0 19( r)+16V9+8VZ:O
r or r 00 oz

2) For a steady flow,

%G(rpvr)_Fl 6(pV6)+ ﬁ(pVZ)ZO

Vo(pV)=0 a ' r o0 oz

Example: Consider one-dimensional radial flow in the r& plane, characterized by v, = f(r)
and ve = 0. Determine the conditions on f(r) required for incompressible flow.

For incompressible flow V \7 =0

10(1Ve) 10V inthe réplane.
r or r oo
For the given velocity field, V =V (r)=V,§, +V,§, =V.§,

1a(rVv,) -
roor

0

Integrating with respect to r gives I'V, =constant=C

Thus, V. = f(r) _C  for one-dimensional radial flow of an incompressible fluid.
r

STREAM FUNCTION FOR TWO-DIMENSIONAL



INCOMPRESSIBLE FLOW

For a two-dimensional flow in the xy plane of the cartesian coordinate systems, the continuity
equation for an incompressible fluid reduces to

M, N g

ox oy
If a continuous function w (X, y,t), called stream function, is defined such that

v
oy OX

u

then the continuity equation is satisfied exactly, since

2 2
w v Sy dy g

OX Oy OXoy Oyox

Since streamlines are tangent to the direction of flow at every point in the flow field. Thus, if
dr is an element of length along a streamline, the equation of streamline is given by

Vxdr =0=(u +vj ) x(dxi +dyj ) = (udy —vdx) k
then

udy —vdx =0
Substituting for velocity components u and v, in terms of the stream function,

a—wdx+a—l//dy=0 (A)
OX oy

At a certain instant of time, to, the stream function may be expressed as ¥ =y (X, y,to). At
this instant, the stream function

oy oy
dy = Ldx+Ld (B)
V= gy y
Comparing Equations (A) and (B), we see that along an instantaneous streamline
dy =0

and y = Constant along a streamline.

In the flow field, ¥, —¥,, depends only on the end points of integration, since the differential
of wis exact.



y

Now, consider the two-dimensional flow
of an incompressible fluid between two
instantaneous streamlines, as shown in the
Figure. The volumetric flow rate across
areas AB, BC, DE, and DF must be equal,
since there can be no flow across a
streamline.

For a unit depth, the flow rate across AB is

Q=J‘Y2udy=J'yza_l//dy

Y1 Y1 ay
Along AB, x = constant and dy = a_'//dy . Therefore,
oy
[ 81// [V .

Q _-[yl Edy _le dy =y, -y,

For a unit depth, the flow rate across BC is

Q= XXZ vdx = —J‘:z%}dx

Along BC, y = constant and dy = %"dx . Therefore,
_ X2 (3(// _ ) _
Q ——Ll &dx ——jwz dy =y, -y,

Thus, the volumetric flow rate per unit depth between any two streamlines, can be expressed as
the difference between constant values of y defining the two streamlines.

In r@plane of the cylindrical coordinate system, the incompressible continuity equation
reduces to

ﬂ-F%:O
or 060

The stream function y(r,6,t)then is defined such that

oy

r

<
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Example: Consider the stream function given by y = xy. Find the corresponding velocity
components and show that they satisfy the differential continuity equation. Then sketch a few
streamlines and suggest any practical applications of the resulting flow field.

Given: w=xy

Find: u=?, v=7?, Do u and v satisfy continuity equation? Sketch few streamlines and suggest
practical applications.

Assumptions: - Two-dimensional flow
- Incompressible flow
- Steady flow

=8—W=x and v=—a—l/l=
oy OX

u -y

The continuity equation for incompressible two-dimensional flow

AN -~  1-1=0
ox oy
f y
; \
6
.’/ \
i
& 13
Stagnation point
u=0,v=0

We could conclude that those streamlines might model the flow near the stagnation point on
the nose of a blunt body. If we consider only the upper right quarter-plane, the streamlines
might model flow in a 90° corner.
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MOTION OF A FLUID ELEMENT (KINEMATICYS)

Before formulating the effects of forces on fluid motion (dynamics), let us consider first the
motion (kinematics) of a fluid in a flow field. When a fluid element moves in a flow field, it
may under go translation, linear deformation, rotation, and angular deformation as a
consequence of spatial variations in the velocity.

———————

Figure. Pictorial representation of the components of fluid motion.

Translation

X

N,

Angular deformation

Linear deformation

ACCELERATION OF AFLUID PARTICLE INA VELOCITY FIELD

e

~t

Particle pa

Particle at

Q\time, t

r+dr

Particle at
time, 1 + dt

Figure. Motion of a partféle in a flow field.

X

X

Consider a particle moving in a velocity field. At time t, the particle is at a position x, y, z and
has a velocity \7p]t =V (X,Y,2,1).

At time t+dt, the particle has moved to a new position, with coordinates x+dx, y+dy, z+dz,

and has a velocity given by V, l , =V(x+dx,y+dy,z+dz,t+dt)

12



The change in the velocity of the particle in moving from location ¥ tor +dr |, is given by

YA
d ) :&dxrﬁ

N

yp+ﬂdzp+ﬁdt
oy 0z ot

The total acceleration of the particle is given by

a’ _d_\7p_6_\7%+6_\7%+6_\7%+6_\7
P dt ox dt oy dt oz dt ot

i OIX"—u Olyp—v and o =w
since at =Uu, dt = dt =

then da, =—=U—+V—+W—+—

Acceleration of a fluid particle in a velocity field requires a special derivative, it is given the
DV

symbol E :

Thus, %\Z:ép:uﬁ—v il Wa\7+a—\7

ox oy o ot
It is called the substantial, the material or particle derivative.

The significance of the terms,

. DV N N N NV
= =U—+V—+W—+ —
ox oy oz ot
local
acceleration

"~ Dt
total

accelaration
of a particle

convective
acceleration

The convective acceleration may be written as a single vector expression using the vector
gradient operator, V.

oMMy a—\/=(\7-V)V

ox oy

DV . oo OV
Thus, thap =(V-V)V "‘E

13



It is possible to express above equation in terms of three scalar equations as

Du ou ou ou ou
* Dt ox oy oz ot

Dv ov ov ov ov
=—=U—+V—+W—+—
Y Dt ox oy oz ot
Dw ow ow  ow ow
, =—=U—+V—+W—+—
* Dt OX oy oz ot

The components of acceleration in cylindrical coordinates may be obtained by utilizing the
appropriate expression for the vector operator V. Thus

2
ar :Vr GV" +\Q%_V_9+VZ av" +%
P or r o8 r 0z ot
ov, V,ov, VV ov, oV

g =V, L+ L L4 L0y 40
P or r 06 r 0z ot
a =V ov, +\Q ov, oV, ov, N ov,

P or r 00 0z ot

Example: The velocity field for a fluid flow is given by V(X, Y, z,t) = X*7 —2xy] +3ztk
Determine

a) the acceleration vector,
b) the acceleration of the fluid particle at point P(1,2,3) and at time t = 1 sec.

a) The components of the velocity vector are U= X2, v=-2xy andw=3zt. The
components of the acceleration vector

a, =u2—i+v%+wg—:+;—u= X2 (2x) +(~2xy)(0) + (32t)(0) + 0 = 2x°

a, = u%+v%+w%+% = x?(-2y)+(-2xy)(-2x)+(3zt)(0)+0=2x*y
8, = ué—aiv+v%+wg—a;v+% =x*(0)+(—2xy)(0)+(3zt)(3t)+3z = 3z(1+ 3t2)

Therefore,

= - = 7 3— 2. 2\ 7.
d,=a, 1+a, J +azpk=2x 1+2x°yj +3Z(1+3t )k

b) The acceleration of the fluid particle at point P(1,2,3) and at time t =1 sec is

-

3, =2(1) 1+2(1)" (2)/+3(2)(1+3(1)" )k =27 +4/+36k

14



FLUID ROTATION

The rotation, @, of a fluid particle is defined as the average angular velocity of any two
mutually perpendicular line elements of the particle in each orthogonal plane. A particle may

rotate about three coordinate axes. Thus, in general, @ = w,7 + a)y]' +w,k

a!

9| P

1]

.~

>
—
T
1
1
1
1
1
1
1
1
L
1 | <
s c
>
=
(]

M
|

.

] | ,_L‘_E,

Y|

Figure. Rectangular fluid particle with two instantaneous perpendicular lines AA' and BB';
velocities perpendicular to AA’and BB’ are also shown.

The figure shows a fluid particle with two lines AA’ and BB'. By definition

1
@, =2 (Opp + W)

where
o _vA,—vA_[v+(6v/ax)(5x/2)]—[v—(6v/6x)(5x/2)]_@
MTsx 5X X
and
. __uB,—uB__[u+(8u/6y)(5y/2)]—[u+(8u/8y)(5y/2)]__(9_u
sy 5X Y
)

1({ov odu
®,==| ——
Z(GX 6’yJ

By considering the rotation of pairs perpendicular lines in the yz and xz planes, one can show

that
1(ow ov 1(8u awj
o,=——-—lando,==| ———
2l oy oz Y 2\ez  ox

15



then

- - - - li{ow ov). (ou ow)- (ov Oou)-
O=oi+o,jrtok==| ———= 1+ ——— |/+| ——— |k
2|\oy oz 0z OX

We recognize the term in the square brackets as

curl V=VxV
Then, in vector notation, we can write

@=£VXV
2

The factor of %2 can be eliminated in above equation by defining a quantity called the vorticity,

—

¢, to be twice the rotation,
£=20=VxV

The vorticity is the measure of the rotation of a fluid element as it moves in the flow field. In
cylindrical coordinates the vorticity is

VsV gavz_av,, 6+ avr_avz G + Earv(,_% "
rog oz oz or r or 00

The circulation, T", is defined as the line integral of the tangential velocity component about a
closed curve fixed in the flow,

r=<JS\7-d§
C

where, dS is an elemental vector, of the length ds, tangent to curve; a positive sense corresponds
to a counterclockwise path of integration around the curve.

y

u+%%b
Y
b O C
Ay
uv+éﬁx
Y ox
| u
- X
0 @
Ax

16



For Oa line
Iy, = I (u? +v])-dxf = j udx =ulAx

Oa Oa
For the closed curve Oacb,

AF:qu+(v+@jAy— u+8_u AX—VAY
OX oy
Al' = a_u AXAY
OX oy
AT" = 20,AXAy

T=§V-ds = [2m,dA=[(VxV),dA
C A A

Thus, the circulation around a closed contour is the total vorticity enclosed within it.

Example: Consider flow fields with purely tangential motion (circular streamlines): V= 0 and
Ve = f(r). Evaluate the rotation, vorticity, and circulation for rigid-body rotation, “a forced

vortex”. Show that it is possible to choose f(r) so that the flow is irrotational; to produce “a free
vortex”.

Basic Equation: ¢ =2&=VxV
For motion in ré@ plane, the only components of rotation and vorticity are in the z-direction

£ —2 _lary, &V,

“r o 00
Since Vr :0 é/ =26()Z =lagv'9
z r r

a) For rigid body rotation, V, = ar

O cwr?
Then, o, < 1100, _11 (@r®) _20r
2r or 2r or 2r

=w and é’Z:Za)

The circulation is "=V - ds = [ 20,dA
C A

since @, = w = constant
I'= ij dA=2wA
A

o 10(rv,) _
b) For irrotational flow FTZO' Integrating,

rv, =contant =c or V,=1(r)= ¢
r

17



For this flow, the origin is a singular point where V, = 0.

The circulation for any contour enclosing the origin is

2z

r=¢v ds= I%rd9=2ﬂc
C

0

The circulation around any contour not enclosing the singular point at the origin is zero.

Angular deformation of a fluid element involves changes in the angle between two mutually

FLUID DEFORMATION

perpendicular lines in the fluid. The rate of angular momentum is given by

b

Ay

o

(a) Original particle

Ax

a

Figure. Angular deformation of a fluid element in a two dimensional flow field.
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Now,
da . A«
—=Ilim—=1i

At

. AnlAx . (OvIOX)AXAt/AX ov
=lim =lim =—

OX



and 4B i A8 _ i STy _ o (QUIy)AYAtIAY _ou

dt a0 At a0 At At—0 At oy

Consequently, the rate of the angular deformation in the xy plane is

da dﬂ d)/ v au

dt ot dt ox oy

The shear stress is related to the rate of angular deformation through the fluid viscosity.

MOMENTUM EQUATION

To derive the differential form of momentum equation, we shall apply Newton’s second law
to an infinitesimal fluid particle of mass dm.

Newton’s second law for a finite system is given by

E_ dP)
dt
system

where the linear momentum, P, of the system is given by

Psystem = \7d m

mass (system)

Then for an infinitesimal system of mass dm, Newton’s second law is written

dF = dmd—v =dm av
dt system dt

N N N oV
dF =dm| u—+v—+w—+—
X oy oz ot

Forces Acting on a Fluid Particle

The forces acting on a fluid element may be classified as body forces and surface forces.
Surface forces include both normal forces and tangential (shear) forces.

Stresses acting on a differential fluid element in the x-direction are shown in the figure.
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X

Ifigure. Stresses in the x direction on an element of fluid.

To obtain the net surface force in the x direction, dFsx , We must sum the forces in the x direction.

dF, = (O‘XX + 00, %j dydz —(axx _ 00 %j dydz
" ox 2 ox 2

0 0

+(rZX + Oty %] dxdy—(rZX _ 9 %j dxdy
oz 2 oz 2

By simplifying, we obtain

5
dF, = 9% TP, 0% | gyivz
" OX oy oz

When the force of gravity is the only body force acting, then the body force per unit mass in
x-direction is given by p0,dxdydz . Then the total net force in x direction can be expressed as

0
dF, =dF, +dF, =| pg, + 00y , 9w | Oy dxdydz
" " OX oy oz

One can derive similar expressions for the force components in the y and z directions.

0 0 0
dF, =dF, +dF, =| pg, + Dy Dw Oy dxdydz
’ ’ ox oy oz

yz 2z
+
az

dF, =dF, +dF, =[ng +a§ﬂ + ]dxdydz
’ ! X

20



Differential Momentum Equation

We have now formulated expressions for the components, dFX,dFy ,and dF, | of the force dE

, acting on the element of mass dm. If we substitute these expressions for the force components
into x, y, and z components of equation, we obtain differential equations of motion.

+—2 4+
POy ox oy oz

arxy GJW arzy oV N oV ov
+ Pl —+U—+V—+W
OX oy 0z

oo, 0t, or, [8u ou au auJ
+ = W

PYy +

pY, +— 5+

These three equations are the differential equations of motion for any fluid satisfying the
continuum assumption. Before hte equations can be used to solve problems, suitable
expressions for the stresses must be obtained in terms of the velocity and pressure fields.

Newtonian Fluid: Navier-Stokes Equations

For a Newtonian fluid the viscous stress is proportional to the rate of shearing strain (angular
deformation rate). The stresses may be expressed in terms of velocity gradients and fluid
properties in rectangular coordinates as follows:

B (N
Xy yX ax ay
I e
yz 7y ay oz
B
X Xz oz OX

2 - ou
o,=—p——uV-N+2u—
XK p 3/1 ﬂax
2 = ov
o.,=—p——=uvV-V+2u—
w =P34 ﬂﬁy
2 - ow

o, =—p——=uvV-V+2u—
2 p 3ﬂ ﬂaz

where p is the local thermodynamic pressure.
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If these expressions are introduced into the differential equations of motion, we obtain

Du_ g -2, af (za_u_zv V) K I L {5_”+@j

Por P x|l 3 oyl “lay “ox )| ez | “lar T ax
SO oo of (o o] of (o 2y Y], of fov, ow
Dt oy x| Moy Tax )| Ty Ml Sy 3 IR A,
bw_ g -, ﬁ_ (@jﬁ_“j Lol (v w0 (ga_W_Ev v)
Pot Py T M T ) Ty | M e Ty ) T | M e 3

These equations of motion are called the Navier-Stokes equations. The equations are greatly
simplified when applied to incompressible flow with constant viscosity. Under these
conditions the equations reduce to

yo,

ou Au ou  du 82 82
—+U—+V—+W— |=pg, — -7
ot OX oy 0z

ov ov ov 8p ov o°v o
—HU—+V—+W— |=pg, ——+U| 5+ +—

ot ox oy oz oy ox* oy” oz

OW OW OW 0w op o’w  o°w  o*w
—HU—+V—+W— [=p0, ——+ | —5 +—5 +—
ot OX oy 0z 0z OX oy oz

The Navier-Stokes equations in cylindrical coordinates, for constant density and viscosity, are
given in the course textbook.

For the case of frictionless flow (u = 0) the equations of motion reduce to Euler’s equation,

EZPQ—VP
ou ou ou ou op
—+U—+V—+W— |=pg, ——
ot oXx oy 0z OX
N oV OV OV op
—HU_—+V_—+W— |=pg, ——
ot ox oy oz oy
OW OW OW  OW op
—+U—+V—+W— |=pQ, ——
ot ox oy 0z 0z
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INTERNAL INCOMPRESSIBLE FLOW

Flows completely bounded by solid surfaces are called internal flows. Internal flows may be
laminar or turbulent. Some laminar flow cases may be solved analytically. In the case of
turbulent flow, analytical solutions are not possible and we must rely heavily on semi-empirical
theories or experimental data.

One can demonstrate the qualitative difference between the nature of laminar and turbulent flow
by classical Reynolds experiment. The experimental set up consists of a constant diameter
transparent pipe which is connected to a larger reservoir of water. A thin filament of dye, which
IS injected at the centerline of the pipe, allows visual observation of the flow.

Dye
e ]
Glass tube
\ -
————
Jet/
Vaive—"

Figure. Set up for the ﬁé\ynolzls exlzier\iment.

Conducting Reynolds’ experiment, two points should be kept in mind.
a) The density and viscosity of the dye and water must be the same,
b) The water and dye levels in both reservoirs must be the same.

At the low flow rates, the dye injected into the flow remains in single filament; there is little
dispersion of dye because the flow is laminar. A laminar flow is one in which the fluid flow in
laminae, or layers.

As the flow rate through the tube is increased, the dye filament becomes wavy. This is known
as transient flow.

At high flow rates, the dye filament becomes unstable and breaks up into a random motion.

This behavior of turbulent flow is due to small, high-frequency velocity fluctuations
superimposed on the mean motion of turbulent flow.
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,_’N

Laminar flow

%H

Turbulent flow

TS

Turbulent flow (observed with an electric spark)

Under normal engineering applications, the transition from the laminar flow to turbulent flow
in pipes occurs at Reynolds numbers of 2000 to 3000. However, in carefully controlled
experiments, it is possible to obtain laminar flow up to a Reynolds number of 60000. Usually,
the critical Reynolds number is taken to be 2300.

_vd_pvd
vop

Re

Developing a Fully Developed Flow

Consider the flow of an incompressible fluid through a long pipe of constant diameter. At the
entrance of the pipe has not been subjected to the action of viscosity, so that the velocity profile
is constant.

< F— e T

e [N e S == W
S X i, [ —

——————————— = =

! Fully developed

f Entrance length velocity profile

Figure. Development of viscous laminar flow in a pipe.

As soon as the fluid comes in contact with circumference of pipe, its velocity reduces to zero,
and it satisfies no-slip condition. A boundary layer develops along the walls of the channel.
The solid surface exerts a retarding force on the flow, thus the speed of the fluid in the
neighborhood of the surface is reduced. Sufficiently far from the pipe entrance, the boundary
layer reaches the pipe centerline and the flow becomes entirely viscous. After this point, the
velocity profile will no longer change with the distance along the pipe. This region is known as
the fully developed region.
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For laminar flow, the entrance length, L, is a function of Reynolds number

L o o00s?Vd
D JZ

For turbulent flow, the entrance length, L, is about 25 to 40 pipe diameters.

FULLY DEVELOPED LAMINAR FLOW

FULLY DEVELOPED LAMINAR FLOW BETWEEN INFINITE
PARALLEL PLATES

Let us consider the fully developed laminar flow between infinite parallel plates.

T, [ dy
1 [+ 55 (5 )]ace
' y
) a 2.
] s
, Lp .
sl U 1— [p + g—l(— %‘)]a’\ dz—> o — [1) - ? (d?‘)] dy dz
a . & | T_\i\' | .
T 1 4 L o
= T, )
‘ —| dx |« volume [‘C.‘._‘v + —(—9%(— % )] dx dz
X 3
(a) Geometry of CV (b) Forces acting on CV
Assumptions:
1. Steady flow
2. Fully developed flow (83 =0)
X
3. Incompressible flow
4. Plates are infinite in the z direction (w=0, 62 =0)
Z

5. Body forces in x direction is negligible (F; =0)

Find:

a) Velocity profile

b) Shear stress distribution

c) Volume flow rate

d) Average velocity

e) Point of maximum velocity
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a) Velocity profile:
Velocity distribution can be found by applying integral momentum equations or differential
momentum equations.

For our analysis we select a differential control volume of size, and apply x component of
momentum equation

K, +Fs, :g I updV + I upV -dA
Ccv Cs

0
0

For fully developed flow, the net momentum flux through the control surface is zero. (The
momentum flux through the right face of the control surface is equal in magnitude but opposite
in sign to the momentum flux through the left face.)

F, =0

X

There are two types of forces which act to the surface of control volume. Those are:
1. Pressure forces (normal forces)
2. Shear forces (tangential forces)

If the pressure and the shear stress at the center of fluid element are p, and 7y, respectively.

[‘c‘v_\. + d(;: ‘ (d?\)] dx dz

. ; I p ' p )
po Bl £ e 2 (&)
- T
|

control
volume [T_“ <& 6_(

(b) Forces acting on CV

0 0
(p—a—p%)dydz—(p+@%jdydz+ ryx+id—y dxdz — Tyx_&d_y dxdz =0
ox 2 ox 2 oy 2 oy 2

By arranging,

or
—%+ — =0 For zx, we used the total derivative, since zx is only function of y.
[u=u(y)]
or
Ty _
oy  OX

The left hand side of this equation is the function of y, but, the right hand side of the equation
is the function of x. Therefore, in order to be this equation valid, it should be equal to a constant.
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8z'yx _p

= — = constant

oy  OX

Integrating this equation, we obtain

P
Tyx :&y-FCl

which indicates that the shear stress varies linearly with y. Since for Newtonian fluid

then

and

To evaluate constants C; and C», we must apply the boundary conditions.

aty =0 u=0 consequently C> =0
19 C
aty=a u=20 :>0:——pa2+—1a
211 OX U
_ 1o,
2 OX
and hence

1fop) , 1 (op
U==| — |y ——| —1a
2(6x)y Zy(ax] )

3= ERt)

b) Shear Stress Distribution:
The shear stress distribution is given by

du )y 1}
= —:a— z
Ty (@JL 2

or
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c¢) Volume Flow Rate:
The volume flow rate is given by Q = j\7 -dA
A

For a depth | in the z direction Q = Juldy

Q_ 713 p
or =|—= —ad
I!Z@ yy

Thus, the volume flow rate per unit depth | is given by
Q_ L (),
I 12,u 8x

Flow rate as a function of Pressure Drop

Since g_p is constant, the pressure varies linearly with x,
X

a_p: pz_ple_P
OX L L

Substituting into the expression for volume flow rate gives

Q L(_A_Pj o8 - LAP
I 12u

B L 12,

d) Average Velocity:
The average velocity is given by

V:g:_i(@ja_sl:_i(@jaz
A 12u\0ox) la 12\ OX

e) Point of Maximum Velocity:

u
To find the point of maximum velocity, we set —— equal to zero and solve for corresponding

dy
y.
du (Gp)[Zy 1}
dy “12u ox a
OI—u=0 at y:E
dy 2
at y:E u= max__i(a_pjazzgv
2 8u\ ox 2
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UPPER PLATE MOVING WITH CONSTANT SPEED, U

Second laminar flow case of practical importance is flow in a journal bearing. In such a bearing,
an inner cylinder, the journal rotates inside a stationary member. It can be considered as flow

between infinite parallel plates.

Bearing

ﬁ U ot... ;
| e+ (4 e
y' dy \ 2
2 —
] T
|
op(_d = | dp (d ,
N Y 940 PO QO 17 P
{ yx
A e -
=y ot dy
‘ —] dx |« volume [Tm. + — (——})] dx dz
X : Oy
(a) Geometry of CV (b) Forces acting on CV

Assumptions:
1. Steady flow

2. Fully developed flow (i.e. 9 _ 0)

OX
3. Laminar flow
4. Incompressible flow
5. Plates are infinite in the z direction (w=0, aﬁz 0)
z

6. Body forces in x direction is negligible

Find:

a) Velocity distribution

b) Shear stress distribution

¢) Volume flow rate

d) Average velocity

e) Point of maximum velocity
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Boundary Conditions:
u=0 aty=0
u=U aty=a

a) Velocity profile:
Since only the boundary conditions have changed, thus the velocity distribution is given by

u=— L [apjy +gy+C
211\ OX U

Integral constants C; and C» can be found by using boundary conditions

aty =0 u=0 consequently C>=0
1fop).. G
ty= =U >U=—-| —|a"+—a
aty=a u 2(6)(} B
Uu 1(0p
Thus, C,=———-=
T Z(GX)
and

o= L@y 0L (@),
21\ OX a 2u\ox
Yy, P N
el o)
L2
a 2uox a

ap
kg 0\
1.0

ap 7 —’\
=0 . >
ox U a

ox

0 | |
0 1.0 2.0 3.0

u

U

0
_pj the dimensionless velocity profile is plotted in the figure.

For the various values of ( )’
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b) Shear Stress Distribution:
The shear stress distribution is given by

¢) Volume Flow Rate:
The volume flow rate is given by Q = I\7 -dA. For a depth | in the z direction
A

° Q Uy 1op
Qzluldy:T:ﬂ?+Z&(yz—ay)}dy

The volume flow rate per unit depth I is

Q_Ua 1 (a_pja3

T2 12uléx

d) Average Velocity:
The average velocity, Vv, is given by

v=9_ v_1

la T2 124

OX

‘Ua_l(ap)as
2 12u\éx) | U 1(ap)a2

> |O

e) Point of Maximum Velocity:

du
To find the point of maximum velocity, we set d_y equal to zero and solve for corresponding y.
2
d_u=!+a_(6pj{2_¥_l}:0:> a U—/a
dy a 2u

ox)La® a yzg_i

()

M\ OX

1. Method: By using Differential Momentum Equation (Navier-Stokes equation), to find
velocity distribution.

X - component of the momentum equation:

LTIV IR g P, (2, 0u, 2
Plac "ax oy ez ) Pl T Mo Toy T o

by utilizing assumptions, above equation simplifies to
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du Au _ou  au op ou o°u o

Alat ey e | P T o o T
0 0 0 0
2 2 2
Oz—%hu% since u=u(y):>6—l::(;—l2J
or
du_1op
dy?  u ox

Integrating twice we find that:

u :i[@j 2Jr&y+C2
21\ OX U

Integral constants C; and C> can be found by using boundary conditions and so on ...

FULLY DEVELOPED LAMINAR FLOW IN A PIPE

Let us consider fully developed laminar flow in a pipe. Here the flow is axisymmetric.
Consequently, it is the most convenient to work in cylindrical coordinates. The control volume
will be chosen a differential annulus.

5% Tk

-

[ L ~|

Assumptions:
1. Fully developed flow (§ =0)
X

2. Steady flow

3. Laminar flow

4. Incompressible flow

5. There is no property change in @ - direction.
6. Radial velocity component is zero.

6. Neglect body forces

Find:

a) Velocity distribution

b) Shear stress distribution
¢) Volume flow rate

d) Average velocity
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e) Point of maximum velocity

Boundary conditions
atr=0 the velocity must be finite (from physical consideration)
atr=R u=0 (no slip condition)

a) Velocity profile:
Velocity distribution can be found by using the integral or differential form of the momentum
equation. We will find the velocity distribution by using both methods.

If we apply the x - component of momentum equation for the control volume shown in the
figure.
Annular differential

control
volume

Annular differential
—————— T, 2mrdx

volume R 1
| |
O [ ! %dx) 2rrdr
ox

p 2mrdr —> —(p+ 3
|
L _______ /v cv /z—)‘L ,,,,, |
dr b I —_—
drt,,
|._(1_\- _>| [‘c“ + T dr] 27 (r + dr) dx
dr
(@) End view of CV (b) Side view of CV (c) Forces on CV

For fully developed flow, the net momentum flux through the control surface is zero.

The normal (pressure) force and the tangential (shear) forces act to the control volume. The
surface forces acting on the differential fluid element in x direction are

F

S

X

+Fy :g j updVv + I upV -dA
atCV CS

0

0 0
For fully developed flow, the net momentum flux through the control surface is zero.

F, =0

X

The normal (pressure) force and the tangential (shear) forces act to the control volume. The
surface forces acting on the differential fluid element in x direction are

+(p—@%j2nrdr—(p @%jhrdw rrx+d7fxg Zﬂ(r+£)dx
ox 2 X 2 dr 2 2

_(Trx - drrx g)zﬂ'(r —ngX =0
dr 2 2
op

——2zrdrdx + 7, 2zrdrdx + a7 2zrdrdx =0
OX dr

By simplifying
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Dividing this equation by 2zrdrdx, and solving for ? gives
X

op_r dr _1d(l’TrX)

rx rx
X4 -

ox r dr r dr

The left hand side of the equation is only the function of x, but the right hand side of the equation
is only the function of r. Then this equation holds only if each side of the equation is constant.

Ed(”'rx) op

=— = constant
r dr OX
or
d(rr,) r@
dr OX

Integrating this equation, we obtain

or

Since T = p—

then
dr 20ox r
and

2
u :r—(@]+ﬁlnr+c2
Au\ox) u

By using the boundary conditions, integral constant C; and C can be found.

Boundary conditions
From the first boundary condition (at r = 0 the velocity must be finite)

C,=0

From the second boundary condition at (r =R u=0)
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0= (apjw
4\ OX

el
4/1 OX
2
B 22
Au\ox) 4u\ox) 4du\ox

—-E(2 (1]

Il. Method: By using the differential form of momentum equation in x-direction.

and hence

or

ou, ou, u, ou, ou, op 1 8( auzj 1 0%, o%
u, —2+—-2—2+u =—— =—r =

+ = + + +—
a o roo e a Hlrarl ar )T er T a2

0 0 0 0 0

Note: By replacing x — z and u, — u, and simplifying the above differential equation

6p ou
0
OX Y r 8r( ar]

é(r@_Uj_L@
or\ or) puox

By integrating twice,

2
=r—(6—pj+ﬁlnr+c2
Au\ox) u

This equation is the same as the equation found by using integral momentum equation.

or

b) Shear Stress Distribution:
The shear stress is given by

du ra_p

o T T 2 x

¢) Volume Flow Rate:
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Q =.[\7-dA:Tu2ﬁrdr =Ti(@j(r2 —R2)27zrdr
A 0

o 4u\ OX

7R (0

Q=-— L_p)
8u \ ox

For fully developed flow P _constant P _P.=P__AP
oX oX L L

for laminar flow in a horizontal pipe.

o 7R* [_&} _ 7ApR* _ 7ApD*
8u L 8uL  128uL

d) Average Velocity:
The average velocity, v , is given by

7-3-2 K
A 7R*  8ulox
e) Point of Maximum Velocity:

To find the maximum point of velocity, we set ?TU equal to zero and solve for corresponding r,
r

d_u:i(@jr:()
dr  2u\0ox

2
At r=0, u=u :uz-R—(@ij

FULLY DEVELOPED TURBULENT FLOW
In turbulent flows, there is no universally acceptable relation between shear stress and velocity

gradients. Therefore, the analytical solutions of turbulent flow problems are impossible, we
must rely on semi-empirical data.

INCOMPRESSIBLE INVISCID FLOW
MOMENTUM EQUATION FOR FRICTIONLESS FLOW: EULER’S EQUATIONS

The equations of motion for frictionless flow are called Euler’s equations. These equations can
be obtained from Navier-Stokes equations (by setting p = 0).
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— L= p| —HU—+V—F+W—
PO % Pla Yy

op awawawawj

We can also write the above equations as a single vector equation

—+U—+V—+W

D_\7— g'_Vp— -
P P Pla W ax oy

N N oV oV
Dt

or

DV
= G-V
p Dt pY—Vvp
If the z coordinate is directed vertically upward, then since, vz =k,

PG =—pgk =—pgVz

In cylindrical coordinates, Euler equations in the component form, with gravity the only body
force, are

2
g _1@:& _ ov, Ry ov, +\Q ov, oV, v, Vg
p or ot o r 06 o r
g, ~1op _a - ov, Ry v, +\i ov, V ov, +VrV9
pr ol ot o r 06 oz r
10p _a, ov, : ov, +\Q ov, V ov,
p 0z ot o r 06 oz

=g =Ty

z

If the z axis is directed vertically upward, then gr = go= 0 and g, = -g.

EULER’S EQUATION IN STREAMLINE COORDINATES

In this section, the Euler’s equation will be first derived in the streamline coordinates, and then
integrated along a streamline.

For this reason, consider an infinitesimal fluid element, which is moving along an instantaneous
streamline, as shown in the figure. For simplicity, consider the flow in yz plane. Since velocity

vector must be tangent to the streamline, the velocity field is given by V =V (s, 1) .
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[p + % ‘% ds dx
U

9P ds .
-— [I’ + E % dn dx
=

[/) - % %‘] dn dx \

[ p- —g{—: ‘I?" ds dx

Figure. Fluid particle moving along a streamline.

If we apply Newton’s second law of motion in the streamwise (the s-) direction to the fluid
element of volume dsdndx, then neglecting viscous forces we obtain

where “as” is the acceleration of the fluid particle along the streamline. Simplifying the
equation,

op

————pgsin B = pa,
0s
: oz . l1op oz
since sinﬁZg, We can write _;E_ g g =a

Along any streamline V=V(s,t), then the total acceleration in s-direction

DV oV oV
Dt os oS

Then, the Euler’s equation becomes

10p az:gwav

0o 9o o o

For steady flow, and neglecting body forces, it reduces to

p 0S 0s
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which indicates that a decrease in velocity is accompanied by an increase in pressure and
conversely.

If we apply Newton’s second law in the n-direction to the fluid element. Neglecting viscous
forces, we obtain

( p _8_p@) dsdx —( p+ @@j dsdx — pg cos Sdsdndx = pa.dndsdx
on 2 on 2

Simplifying the equation

op 3
o P9C0sB=pa,
19 oz
Since cosﬁ:g, we can write ———p—g—z
on pon T on

2
The centripetal acceleration, an, for steady flow can be written a, = —? where R is the radius

of the curvature of the streamline. Then, Euler’s equation normal to the streamline is written
for steady flow as

1, 2V

+9g
pon ~on R
For steady flow in a horizontal plane, Euler’s equation normal to streamline becomes

lop V2
pon R

It indicates that pressure increases in the direction outward from the center of curvature
of the streamlines.

Example: An ideal fluid (zero viscosity and constant density) flowing through a planar

converging nozzle that lies in a horizontal plane, shown in the figure. Compare the pressures at
points 1 and 2, at 3and 4, and at 5 and 6.
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[

R4, R3

First, estimate the shape of the streamlines from the shape of the nozzle walls. Also, control
volume is shown in the figure below.

e i e e e

Streamlines

From continuity equation steady, incompressible flow, we conclude that velocity increases from
1to3to5to 2. Therefore, along the line 1-3-5-2,

N >0
oS
1op _\, 0V . S o .
From __E =V g equation and the specification that the nozzle lies in a horizontal plane,
Yo,
op oV
v 2
0s » 0s

As N >0, we conclude P <0 and pressure falls along line 1-3-5-2. Therefore,

oS oS

PL> Ps > Ps > P,

1op V? .
From ——=— equation,
pon R
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op \/_2

an PR

Recall that n points toward the center of curvature. Both V2 and R are positive, so the pressure
increases outward from the center of the curvature, From the figure, we conclude that

Py > Ps and  p; > pe
Although consideration of Euler’s equations allowed us to comment on the relative magnitudes

of the pressures, it did not permit us to calculate their values. The equations must be integrated
before we calculate any numerical values for pressure.

BERNOULLI EQUATION INTEGRATION OF EULER’S EQUATION ALONG
A STREAMLINE FOR STEADY FLOW

Consider the streamwise Euler equation in a streamline coordinates for steady flow. The
equation is

VA .
s pos 0S

Multiplying by ds we get

V8—Vd3+ L apds+g ds=0
0S p 0s 0s

In general, the total differential of any parameter of the flow field (say pressure p) is given by

ap ds+ap dn

d
= s on

because p is a function of both s and n. If we restrict ourselves to remaining on the same
streamline, dS = dsz, +dni, (ds = dx1 +dyj +dzk)

dn=0 and dp:@ds
0s

Similar relations hold for other properties.

With restriction of staying on the same streamline, Euler equation becomes

Vav + dp +Qgdz=0
o,
Integrating
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2
V_ + I% +09z=C (aconstant)
2 Jp

If the density is constant, we obtain the Bernoulli equation

p 2
—+—+ gz = constant
p 2

It is subject to restrictions:
1. Steady flow

2. Incompressible flow

3. Frictionless flow

4. Flow along a streamline

Example: A hole is pierced at the bottom of a large reservoir, which is initially filled with an
incompressible fluid of density p to a depth of h, as shown in the figure. As a first
approximation, fluid may be considered as inviscid, and the reservoir is large enough so that
the change in its level may be neglected. Determine the velocity of the fluid leaving the hole,

which is pierced at the bottom of the reservoir.
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From continuity equation

ViA =VoA,

The area of the reservoir, Ay, is very large when compared to the area of the hole A». For this
reason, the velocity of the fluid in the reservoir may approximately be taken as zero, so that,

V,=0

1

From Bernoulli equation

p, V, p W

242409z, ="t+-1+0z

o 2 9z, o 2 9z,
Py P2 = Pam z,=h z,=0
V, =4/2gh

This equation is first derived by Toricelli, and is often referred as Torricelli equation.

Example: A hole pierced at the bottom of a large reservoir, which is initially filled with an
incompressible fluid of density p to a depth of ho. The area of the tank and the hole are A and
An, respectively. For the quasi-steady flow of the fluid, develop an expression for the height of
the fluid, h, at any later time, t.

\\FJ
[

.
-

A R
=

W A
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\\HJ\
1]

[1<]

S

L

aj
=
SR RN

streamline

W A/

R
=

The continuity equation may be given

V,A=V,A, but A=A andA =A

so that V, =V, %

The Bernoulli equation for the steady flow of an incompressible and inviscid flow is

2 2
&+V—2+ 0z, :&+VL+ 0z,
p 2

p 2
Since’ P.= P2 = Pam+» Z1 = h,22 =0
Then, the Bernoulli equation takes the form

V? =VZ2+2gh

But, one should note that, v, = _% , therefore
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The variables may now be separated as

dh dt

(Zgh)uz __[AZ T/z
A

which may be integrated to yield
_gtz
2
A

where C is the constant of integration. However, one should observe that h = hgatt =0, so
that C = ho, and

h= +C

h=h -9

45



STATIC, STAGNATION, AND DYNAMIC PRESSURE

Bernoulli equation is

p 2
—+—+ gz = constant
p 2

In this equation p is called static pressure, because it is the pressure that would be measured by
an instrument that is static with respect to the fluid. Of course, if the instrument were static with
respect to fluid, it would have move along with the fluid. However, such a measurement rather
difficult to make in a practical situation. However, we showed that there was no pressure
variation normal to straight streamlines. This fact makes it possible to measure the static
pressure in a flowing fluid using a wall pressure “tap” placed in a region where the flow
streamlines are straight as shown in the figure. The pressure tap is a small hole, drilled carefully
in the wall, with its axis perpendicular to the surface.

Small holes
" Fl J/
Flow > R 3 13
streamlines >
‘ \ Stem ——
Pressure__~ l
tap
To manometer or
pressure gage
(a) Wall pressure tap (b) Static pressure probe

Figure. Measurement of static pressure.

In fluid stream far from a wall, or where streamlines are curved, accurate static pressure
measurements can be made by careful use of a static pressure probe, shown in the figure.

When a flowing fluid is decelerated to zero speed by a frictionless process, the pressure is
measured at that point is called stagnation pressure.

y

Flow

Small hole

To manometer or
pressure gage

Figure. Measurement of stagnation pressure (Pitot tube).

In incompressible flow, applying Bernoulli equation between points in the free stream and at
the nose of tube and taking z = 0 at the tube centerline, we get
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P Vo _
p 2

P
Yol

V2
+_
2

where po is the stagnation pressure, the stagnation speed Vo is zero.

1 ..
=p+—=pV
Po=1P 210

1

where p is the static pressure. The term

the dynamic pressure gives

1

V2 generally is called dynamic pressure. Solving

E V2= Po—DP
and for the speed
Yo,
Static
pressure
: Total Elow holes
Flow | head -
< Af /tube oh .
: C
I
| f |
p Po p

(a) Total head tube used
with wall static tap

The static pressure corresponds to a point
A is read from the wall static pressure tap.
The stagnation pressure is measured
directly at A by the total head tube.

Po
(b) Pitot-static tube

Two probes are combined as in pitot-static
tube. The inner tube is used to measure the
stagnation pressure at point B while the
static pressure at C is measured by the
small holes in the inner tube.
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Example: A simple pitot tube and a piezometer are

installed in a vertical pipe as shown in the figure. If hu
the deflection in the mercury manometer is 0.1 m,
then determine the velocity of the water at the center ho
of the pipe. The densities of water and mercury are

1000 kg/m? and 13600 kg/m?, respectively. gl Uh
FIOWJ

| Streamline

/ p= = 1000 kg/m?3

Datum

=

gl
Flm\l

Applying Bernoulli equation between points 1 and 2 along the streamline

pm =13600 kg/m?3

2 2
&+VL+ gz, :&+V72+ 9z,

Pu 2 Pu

However, from the principles of manometry

pl = px _pwg(hl+h2)_pmgh
and
p2 = px_pwg(h2+h)

Also according to the chosen datum z; = h; and z2 =0.
Finally as long as point 2 is a stagnation point, then the velocity at this point is zero,
that is V2 =0. Then the Bernoulli equation takes the form

px_pwg(hl-i_hZ)_pmgh +\£+ghl _ px_pwg(h2+h)
Pu 2 Pu

Solving for velocity at point 1

V, = Zgh(&—lJ
Pu

V, = \/2(9.81)(0.1)(%—1] =4.97 m/sec
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RELATION BETWEEN THE FIRST LAW OF THERMODYNAMICS
AND THE BERNOULLI EQUATION

Consider steady flow in the absence of shear forces. We choose a control volume bounded by
streamlines along its periphery. Such a control volume often is called a streamtube.

Basic equation (Energy equation)

Q _Ws _Wshear _Wother = 2 I epdv-" _[ (e+ plg)pv ’ dA
0 0 0 at Cv Cs
0
Restrictions: 1) W, =0
2) Wshear =0
3) Wother =0

4) Steady flow
5) Uniform flow and properties at each section
Under these restrictions

2 2

V, V :
0= —(ul +pyy + é + 921}{—|P1V1A&|} + (uz + PV, +?2+ gzzj{—|p2V2Az|} -Q
But from continuity under these restrictions

0 Lo
0=— d V -dA
atéLp ‘v’+é£p

0

or 0={-|pVAl} +{-[pV.Al}
That is,

m=pViA = p VoA
Also,

_6Q_oQdm_5Q

Q_ét_dm dt  dm

Thus, from the energy equation
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2 2
O:Kp2v2+v?2+gz j (plv +V2 +0z, ﬂ [uz—ul—j—g)m

2 2

p,Vv. +Vi+gz =p,V +V—2+gz +| U, —u, — oQ
171 2 1 272 2 2 2 1 dm

or

Under the restriction of incompressible flow v, =v, = 1 and hence
Y2,

b, 0, 5Q
+z_—+—+ Z,+| U, —u, ——=
P 2 =, T e ( ldmj

This will reduce to the Bernoulli equation if the term in parentheses were zero. Thus, under the
additional restrictions,

6) incompressible flow v, =v, = 1 constant

7) (uz —ul—@]=o
dm

The energy equation reduces to

pl +—+gZ _&+—+gz = constant
p 2

p 2

The Bernoulli equation was derived from momentum considerations (Newton’s second law),
and is valid for steady, incompressible, frictionless flow along a streamline.

In this section, the Bernoulli equation was obtained by applying the first law of thermodynamics
to a streamtube control volume, subject to restrictions 1 through 7 above.

Example: Consider the frictionless, incompressible flow with heat transfer.
Q
-

Show that u, —u, =

In general internal energy u, can be expressed as
u=u(T,v)
For incompressible flow v = constant, and u=u(T).

Thus, the internal energy change for any process, u, —u,, depends only on the temperatures at
the end states.

From the Gibbs (property) equation Tds =du+ pdv

Tds =du + pdv since v = constant for incompressible flow
0
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Since, frictionless flow is a reversible process

2
des _9Q
1 dm
Therefore,
2 2
J'Tds:J.u:@ = uz—ulzg
1 . dm dm

Often it is convenient to represent the mechanical energy level of a flow graphically. The energy

equation, that is Bernoulli equation, suggests such a representation. Dividing Bernoulli equation
by g, we obtain

2
P LY - H = constant
p9 29

Each term has dimensions of length, or “head” of flowing fluid. The individual terms are

P s the head due to local static pressure

P9

V 2

e is the head due to local dynamic pressure
g

z is elevation head

H is the total head of the flow

The energy grade line  (EGL): The locus of points at a vertical distance,

2
H= i+2—+ Z, measured above a horizontal datum, which is the total head of the fluid.
yols g

The hydraulic _grade line (HGL): The locus of points at a wvertical distance,

P +z, measured above a horizontal datum.

rY

The  difference is  heights between the EGL and HGL represents,

2

the dynamic (velocity) head, \2/—
g
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Free surface Energy grade line (EGL)
v / _______ . _K _______ g,
= N\
g \f |
s 2
\\ V3
\\ 2‘{,1
\
i
'
1
9
\
; Hydraulic
\
grade
line (HGL) Vi
4] N \‘ 2g
\‘ \
\
\
\
\
\
vV, N
\
\
\
\
\-\ —
2
4
i3
Datum (z = 0)

UNSTEADY BERNOULLI EQUATION — INTEGRATION OF EULER’S
EQUATION ALONG A STREAMLINE

Consider the streamwise Euler equation in streamline coordinates

vy 1w e v
oS pos asat

The above equation may now be integrated along an instantaneous streamline from point 1 to
point 2 to yield

IV d+I16pds+j ds+j—ds 0
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For an incompressible flow, it becomes

2 2
+V—+gz _ P +\/_2+922+I6V5 ds
2 p 2 ot

Restrictions: 1) Incompressible flow
2) Frictionless flow
3) Flow along a streamline

Example: A long pipe is connected to a large reservoir that initially is filled with water to a
depth of 3m. The pipe is 150 mm in diameter and 6 m long. As a first approximation, friction
may be neglected. Determine the flow velocity leaving the pipe as a function of time after a cap
is removed from its free end. The reservoir is large enough so that the change in its level may
be neglected.

O
T >
o TR g
f ™ Flow
~——L=6m
Given:h=3m
D =150 mm
L=6m
nd: Vo(t) =?
Basic equation:
PV gz, = P
o
Assumptions: 1. Incompressible flow
2. Frictionless flow
3. Flow along a streamline from point 1 to point 2
4. P, =P, = Pam
5.V,>=0
6.2,=0
7. z, =h =constant
8. Neglect velocity in the reservoir, except for small region near the inlet to the
tube.
2
Pan Vi 9z, = M
p 2 0
0
V) toV
z,=gh=-2%+|—d
07, = gh =2 ! =
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In view of assumption 8, the integral becomes

P C— N

L
N, 4o Javs is
ot 4ot

In the tube, Vs = V2 everywhere, so that

L L
[Hegs = [Dzgs - e
o ot o dt dt
Substituting gives
2
2 dt

Separating varibles, we obtain

dv,  dt

2gh—-V;/ 2L

Integrating between limitsV=0att=0,andV=V;att=t,

E\Y,
RVE

|75
VZ
V] L
2g Zgh 2L

Sincetanh™(0) =0, we obtain

S '[anhl£—\/2 _t

2gh J2gh ) 2L
Vv, t

or —2_ =tanh| —/2gh
2gh (ZL g j

For the given conditions

J2gh =/2(9.81)(3) =7.67m/s
and
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t t
— J2gh =——(7.67) = 0.639t
oL V49 2(6)( )

The result is then V, = 7.67 tanh (0.639t) m/s
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IRROTATIONAL FLOW

When the fluid elements moving in a flow field do not undergo any rotation, then the flow is
known to be irrotational. For an irrotational flow,

w=0 or VxV =0

that is, @_@—a_u_@_@_a_“_o

oy 0z oz ox X oy
In cylindrical coordinates,

gavz_avg_avr_avz_larvé,_%_o
r o0 oz oz or r or 06

BERNOULLI EQUATION APPLIED TO IRROTATIONAL FLOW

Euler equation for steady flow was
1 - -
-—Vp—-gVz= (V -V)V
P
using vector identity
" O R, -
(vxﬂvzva«q—vx@wv)
We see that for irrotational flow VxV =0; therefore,

(V-v)V=2v(VV)

N -

and Euler’s equation for irrotational flow can be written as

1 1o g 1
_ZVp_ngzavowv)zavoﬂ)

During the interval dt, a fluid particle moves from the vector position I to the position F +dr.
Taking the dot product of dr =dxr +dy]’+dzE with each of the terms in above equation, we

obtain
—EVp~dF— gvz-dr =EV(V )-dr
Yo, 2
and hence

d 1
—zp—gdz =§d(v2)
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integrating this equation gives,

2
I% + V— + gz = constant
P

For incompressible flow, p = constant, and
V2
LA gz = constant
p 2

Since dr was an arbitrary displacement, this equation is valid between any two points in the
flow field. The restrictions are

Steady flow
Incompressible flow
Inviscid flow
Irrotational flow

N =

VELOCITY POTENTIAL

We can formulate a relation called the potential function, ¢, for a velocity field that is
irrotational. To do so, we must use the fundamental vector identity

curl (grad ¢)=Vx(Vg¢)=0
which is valid if ¢(x,y,z,t) is a scalar function, having continuous first and second derivatives.

Then, for an irrotational flow in which VxV =0, a scalar function, ¢, must exist such that the
gradient of ¢ is equal to the velocity vector, V .

V=1Vg
thus,
u=_-2% . %
OX oy oz

In cylindrical coordinates

vo 0 13, _ %
or r oo 0z

The potential velocity, ¢, exists only for irrotational flow. Irrotationality may be a valid
assumption for those regions of a flow in which viscous forces are negligible. For example,
such a region exists outside the boundary layer in the fluid over a solid surface.

All real fluids possess viscosity, but there are many situations in which the assumption of
inviscid flow considerably simplifies the analysis and gives meaningful results.
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STREAM FUNCTION AND VELOCITY POTENTIAL
FOR TWO DIMENSIONAL, IRROTATIONAL INCOMPRESSIBLE FLOW,
LAPLACE’S EQUATION

For two dimensional, incompressible, inviscid flow, velocity components u and v can be
expressed in terms of stream function, y, and the velocity potential, ¢,

u v vo_ v
oy OX
u=-2%  __%
OX oy

Substituting for u and v into the irrotational condition

@_a_u =0 we obtain

OX 6y_

2 2
VL0V A)

aXZ 8y2 -

Substituting for u and v into the continuity equation

ou ov
_— =
ox oy
we obtain
0’p  O?

a—Xf-I—W?:O (B)

0

Equations (A) and (B) are forms of Laplace’s equation. Any function y or ¢ that satisfies
Laplace’s equation represents a possible two dimensional, incompressible, irrotational flow
field.

Along a streamline, stream function w is constant, therefore
dy =Y+ Wy -0
X oy

The slope of a streamline becomes

d_yj __Owlox_
v

-V
dx owldy U

\'
u

Along a line of constant ¢, d¢ = 0 and

d¢=‘i—afdx+%dy=0
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Consequently, the slope of a potential line becomes

dy:_a¢/ax:u
dx odgloy v

As potential lines and streamlines have slopes that are negative reciprocals; they are
perpendicular.

Y

Y

Y

b=ty AN

0=01 0=0¢
X X

(a) (b)

Example: Consider the flow field given by ¢ = 4x? — 4y2. Show that the flow is irrotational.
Determine the stream function for this flow.

NOTE: According to our textbook notation u = 9 V= _9¢
X oy
u= _9%9 =—-8X
OX
V= —% =8y
oy

If the flow is irrotational, then @, = 0. Since,

o, =1(@_8_u]=1(0_0)=0
2{ox oy) 2

.. Therefore, the flow is irrotational.

oy oy
u=—— = — =-8X = w =-8xy+ f(x)
oy oy
V:_a_l// = 8y =8y+ f'(x)
OX
f'(x)=0 = f(x)=C
Thus, w=-8xy+C
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ELEMENTARY PLANE FLOWS

A variety of potential flows can be constructed by superposing elementary flow patterns. The
wand ¢ functions for five elementary two-dimensional flows — a uniform flow, a source, a
sink, a vortex and a doublet are summarized in the Table below.

s o Uniform Flow (positive x direction)
— —
—_— —_— u=1U y=Uy
do M. A v=0  ¢=-Ux
t
i - I = 0 around any closed curve
— —_
— —
4 Source Flow (from origin)
x o q q
4 - L
“\ T / v 2nr ¥ 27 2
¥ i OO
o ws Tl Vi=0 ¢=-5-Inr
P 8y Ol:igin is singular point .
> l X ¢ is volume flow rate per unit depth
s I" = 0 around any closed curve
¥ Sink Flow (toward origin)
N ¥
| Visegt  ¥E=
2nr 2
Ny L % g
- - lzg - = h = _(/__
¥ V=0 ¢=5-Inr
x t X 5
x w Origin is singular point
4 q is volume flow rate per unit depth
I" = 0 around any closed curve
e Irrotational Vortex 0=k,
o % (counterclockwise, center at origin) S
» ¢ =k
- b V,=0 b 5_1 $=b —
"4 \‘\ = y==s.nr R ‘ P
»‘// e | PR M " , iy, " DAy
%] L w 0= 2xr 2n :
£ i l E
//'v Origin is singular point
\\ —_— K is strength of the vortex
N —_— ” I" = K around any closed
N oY ” curve enclosing origin
I" = 0 around any closed
- curve not enclosing origin
7 x Doublet (center at origin)
A A sin 0
LY / — V,=—;lscosl) ¢r=——-\7l'£-—

A A cos 0
" ’{ / Vo=—-Ssin0  p=——r
(] re r
- -— <3 i -—

\ Origin is singular point
/ / A is strength of the doublet
I' = around any closed curve
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SUPERPOSITION OF ELEMENTARY PLANE FLOWS

We showed that both ¢ and  satisfy Laplace’s equation for flow that is both incompressible
and irrotational. Since Laplace’s equation is a linear homogeneous partial differential
equation, solutions may be superposed (added together) to develop more complex and
interesting patterns of flows.

Table. Superposition of Elementary Plane Flows

Source and Uniform Flow (flow past a half-body)

/ (¢
Y= =y =+ =50+ Uy
r Y2 q -
v W= --0+Ursin0
) 2n

(f’ = d’m + (/),,[ = (/)| + (i)’y = 'fl—]ﬂ r—Ux
3 " 2n

o= %In r—Urcos 0

Source and Sink (equal strength, separation distance on x axis = 2a)

V. q q :
ik l//=¢\,,+¢\,-=w|+l/fz=7—n().—;03
2 q } ) | P
v — 40 —op,
z bm gt A
=) Y (@0 <L'—>

b=yt i=¢ +d=—oclnr + Llnr,
X 2n 2n |
q . n
= _l —
(j) 2n 8 r

Source, Sink, and Uniform Flow (flow past a Rankine body)

Vl(X3) V3 lp = Ilbm + w\i +: wnf -~ ¢| + l//g + l//:\ m
v i B M ; —/,___1_\
‘( ‘w) = 550~ g0+ e
)
1 - Y- V= i((h —0,)+ Ursin0  pemeefemm e o
’ 2n

X|/
=, T it dy=0¢ +hy+ s V
> - w—‘
. iln r+ %ln rp— Ux W

o= L0 2~ Yreosd

2n
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Vortex (clockwise) and Uniform Flow

V. K
y A Y=oty =Y F = oI Uy

T =£lnr+Ursin()
2n

§ =+ by =1+ §y= 50~ Us

K
¢= EO—Urcoso

Doublet and Uniform Flow (flow past a cylinder)

P Vs Asinf

U=y, Y, =y, =—
v/ Vi v

y =_-/\sin(J
r

+ Ur sin

Y= U(r— —Ur)sin 0
"2) \/X
= — S )sin® a=i/=
1 Ur(l 3 sinf a U

P=¢at+ b=+ ¢r=—

—M — Ur cos 0

2
¢p= —U(r+ %)c050= —Ur(l + %)cos()

Doublet, Vortex (clockwise), and Uniform Flow (flow past a cylinder with circulation)

R 1 ¥3 V=Yt =y, Hin s
.‘.W =-Asmg+£lnr+U\‘
0 r 2n .
X
Asinf) K
=———+ —Inr+Ursi
[ = 2ﬂlnr Ur sin 0
a? K
= Il == )sin0+ —
1 Ur( rl)“n() 2":Inr
G=dgt byt by =P +dy+ oy
LA Ky
2n
A Acosl) K
=\[=: K< = ———— + —0 - Urcos
a \/:/ K <4naU ¢ z 21:0 Ur cos
@ K
=- + = )cos 0+ —
¢ Ur(l rz)cos() 230
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Source and Vortex (spiral vortex)

Sink and Vortex

q K
'p='p_m+'»l’z-='/’1+'//3=£()—g|nl
q
¢:¢_x,,+¢(1:¢]+¢2=_§;]nl—‘7—0

g K
Wzl//.\i+'//.-='//|+'//z=—#()—%lnr

G=¢;+d, =+, = oKy
e

2n 2

Vortex Pair (equal strength, opposite rotation, separation distance on x axis = 2a)

K K
V=Yg T =Y, = —ﬁln n+ Zln r
K n
2n n

U=

K K
¢ = ‘/’(:I +d)v2 =‘/’1 +(/)2 = _ﬂm + ZU'_’

K
=2 (0,-0
¢ 27[(- 1)

(e

Example: A source with strength of 0.2 m%/sm and a counterclockwise vortex with strength
of 1 m%/s are placed on the origin. Obtain streamfunction and velocity potential, and velocity
filed for the combined flow. Find the velocity at point (1,0.5).

For source

and

For vortex

and

Inr=—£lnr m®/s
27
_02 m*/s
2
1
=——0=—— m?/s
¢, 7
1 2
w,=——Inr=——Inr m/s
T

63



¢:—£{0.1Inr+§} m? /s
V4 2
W_—E{O.le—ln—r} m? /s
Vs 2
_op_ 1
' or 10zxr
_1lop_ 1
" roe0 2nr

r=\x®+y? =41?+0.5? =1.117 m

V, = ! = L =0.0295m/s
10zr 10x(1.117)
V, = 1 1 =0.143 m/s

*T2xr  22(L117)

Example: The following stream function represents the flow past a cylinder of radius “a”
with circulation

2
W=Ursin9—uisin9—au In(ij
r a

Determine the pressure distribution over the cylinder.

v _tov_1
rogd r

2 2
v, =—aa—"r’={u sin 9+ 22 sine—ﬂ}:u F—(H?—zjsine}

2 2
{Ur cosé — Uf cos@} =U (1—?—2j cosd

r.2

r r

We now apply Bernoulli equation to streamlines immediately adjacent to the surface of the
cylinder. With V, = 0 at the cylinder surface, Bernoulli equation gives

p 1 2 p 1 2 2 2
P2z B2y but V.=.NZ+VZ andV. =0
p 2 p 2° ) oo §
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where ps and Vs are the pressure and velocity on the cylinder surface, respectively.

2
2 2

Po Ly :&+U—{E—[l+a—2jsin0}
a

p 2 p 2]a
or
2
Po 2y 9 oding |
p 2 p 2
or

P — P, =lJ72[1—(1—4sin 0+ 4sin? 0)]
o,
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DIMENSIONAL ANALYSIS AND SIMILITUDE

Many real fluid flow problems can be solved, at best, only approximately by using analytical
or numerical methods. Therefore, experiments play a crucial role in verifying these approximate
solutions.

Solutions of real problems usually involve a combination of analysis and experimental work.
First, the real physical flow situation is approximated with a mathematical model that is simple
enough to yield a solution. Then experimental measurements are made the check the analytical
results. Based on the measurements, refinements are made in the analysis. The experimental
results are an essential link in this iterative process.

The experimental work in the laboratory is both time consuming and expensive. The obvious
goal is to obtain the most information from the fewest experiments.

The dimensional analysis is an important tool that often helps in achieving this goal.
Dimensional analysis is packaging or compacting technique used to reduce the complexity of
experimental programs and at the same time increase the generality of experimental
information.

Consider the drag force on a stationary smooth sphere immersed in a uniform stream. What
experiments must be conducted to determine the drag force on the sphere?

We would expect the drag force, F, depend on diameter of the sphere, D, the fluid velocity, V,
fluid viscosity, p and the fluid density p. That is,

F=fD,V,puw

Let us imagine a series of experiments to determine the dependence of F on the variables D, V,
p and . To obtain a curve of F versus V for fixed values of p, u and D, we might need tests at
10 values of V. To explore the diameter effect, each test would be repeat for spheres of ten
different diameters. If the procedure were repeated for 10 values of p and x in turn, simple
arithmetic shows that 10* separate test would be needed. Also we would have to find 100
different fluids. Because we need 10 different p’s and 10 different x’s. Assuming each test takes
% hour and we work 8 hours per day, the testing will require 2.5 years to complete.
Dimensional analysis comes to rescue. If we apply dimensional analysis, it reduces to the
equivalent form.
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F oVD
pVZDZZfl( Py )

The form of function still must be determined experimentally. However, rather than needing to

conduct 10* experiments, we would establish the nature of function as accurately with only 10
tests.

BUCKINGHAM Pl THEOREM

The dimensional analysis is based on the Buckingham Pi theorem. Suppose that in a physical
problem, the dependent variable gz is a function of n-1 independent variables Qz, qs, ....., gn.
Then the relationship among these variables may be expressed in the functional form as

q1 = f(q2,q3 -, qn)

Mathematically, we can express the functional relationship in the equivalent form.

. . 904192, 93, ,q) = 0 _
Where g is an unspecified function, and it is different from the function f. For the drag on sphere

we wrote the symbolic equation
F=fDV,p®w
We could just as well have written
g(F,D,V,p,p) =0

The Buckingham Pi theorem states that, the n parameters may be grouped into n-m independent
dimensionless ratios, or m parameters, expressible in functional form by

G(1y, Ty, ooy, Tyey) = 0
or

m = Gl(nz, T3, ...,ﬂn_m)

The number m is usually, but not always, equal to the minimum number of independent
dimensions required to specify the dimensions of all the parameters, qs, g2, ....., qn.
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DETERMING THE IT GROUPS

To determine the © parameters, the steps listed below should be followed.

Step 1
Select all the parameters that affect a given flow phenomenon and write the functional

relationship in the form

q1 = f(q2,q3, -, qn)
or

901,92, -, qn) =0

If all the pertinent parameters are not included, a relation may be obtained, but it will not give
the complete story. If parameters that actually have no effect on the physical phenomenon are
included, either the process of dimensional analysis will show that these do not enter the relation
sought, or experiments will indicate that one or more nondimensional groups are irrelevant.

Step 2
List the dimensions of all parameters in terms of the primary dimensions which are the mass,

M, the length, L, and the time, t (ML), or the force, F, the length, L, and the time, t (FLt). Let
“r” be the number of primary dimensions.

Step 3
Select a number of repeating parameters, equal to the number of primary dimensions, r, and

including all the primary dimensions. As long as, the repeating parameter may appear in all of
the nondimensional groups that are obtained, then do not include the dependent parameter
among those selected in this step.

Step 4
Set up dimensional equation, combining the parameters selected in step 3 with each of the

remaining parameters in turn, to form dimensionless groups. (There will be n-m equations).
Solve the dimensional equation to obtain the (n-m) dimensionless groups.

Step 5
Check to see that each group obtained is dimensionless.
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Example: The drag force, F, on a smooth sphere, which is moving comparatively slowly
through a viscous fluid, depends on the relative velocity, V, the sphere diameter, D, the fluid
density, p, and the fluid viscosity, u. Obtain a set of dimensionless groups that can be used to
correlate experimental data.

Solution:
Step 1 F 4 D yo, y7, n =5 parameters
Step 2 ML L L M M r = 3 primary dimensions
t? t L Lt
Step 3 Select repeating parameters p, V, D
Step 4 Then, n-m = 2 dimensionless groups will result. Setting up dimensional

equations, we obtain,

[1, = p°V°D°F = K%T&T(L){%ﬂ =[meLo]

Equating the exponents of M, L, and t results in

M: a+1=0 a=-1 .
L: -3a+b+c+1=0 c=-2; Therefore, Hl:W
t:  -b-2=0 b=-2 P
Similarly,
d e
M L M

_ dVeDf _|[M L Lf v :MOLO'[O
. =tv0tue| (3 (£ (3B
M: d+1=0 d=-1
L: -3d+e+f-1=0 f =—1}Therefore, HZ:L

pVD

t: —-e-1=0 e=-1
Step 5: Check using F, L, t dimensions

oo (o))
A RCIRGIT

The functional relationship is

F U
- LA
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Example: When a small tube is dipped into a pool liquid, surface b
tension causes a meniscus to form at the free surface, which is AlT

elevated or depressed depending on the contact angle at the T %
liquid-solid-gas interface. Experiments indicate that the _Apl—

magnitude of the capillary effect, 4h, is a function of the tube Liquid
diameter, D, liquid specific weight, p, and surface tension, o. (Specific weight =y
Determine the number of independent  parameters that can be Siifece tension=o)

formed and obtain a set.

Solution:

Given: Ah =f(D, y, o)

Find: Determine the number of independent z parameters and obtain a set of z parameters.

Step 1

Step 2

Ah D y o n =4 parameters

Choose primary dimensions, use both M, L, t and F, L, t dimensions to illustrate
the problem in determining m.

a)M, L, t b)F, Lt

Ah D ¥ o} Ah D y o

L L oMM L L F F
L*t? t? L L

r = 3 primary dimensions r =2 primary dimensions

Thus for each primary set of dimensions we ask, “Is m equal to r?” Let us check
each dimensional matrix to find out. The dimensional matrices are,

4 D y o \ Ah D o
M|O0O O 1 1 0 0 1
L 1 1 -2 0 1 1 —3 -1
t |10 0 -2 -2

The rank of a matrix is equal to the order of its largest nonzero determinant.
0 1 1 1 1
=-143=2#0
1 -2 0|=0-(1)(-2)+(1)(-2) -3 -
0 -2 -2
=0 S.m=2
-2 0 m=r
=40
-2 =2
“m=2
m=#r

*Alternatively, you may use reduced row echelon form of the matrix to
determine the rank of the matrix. The number of nonzero rows of the reduced
row echelon matrix give the rank of that matrix.
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Step 3

Step 4

Step 5

m = 2. Choose D, y as repeating

parameters.
n-m = 2 dimensionless groups will
result
[1,=D?y"Ah
b
o M
(e 0] b
M: b+0=0
b=0
L: a-2b+1=0
a=-1
t: -2b-0=0
Therefore, [1; =A—;
Hz = Dc7d6
d
o M M
(e ()]
M: d+1=0
d=-1
L: c-2d=0 _
t: —2d-2=0 -
o

Therefore, [1, =

Check using F, L, t dimensions

leA_h{L}:[l]

D L
o F1lLl
= | =1
HZ DZ}/ |:L L2 Fi| []

m = 2. Choose D, y as repeating
parameters.

n-m = 2 dimensionless groups will
result

[T, =D%"Ah

{(L){gjf(u}[wwto]

F: f=0
L: e-3f+1=0
Therefore, [1; = %h

-0
[ (& () el

F: h+1=0 h=-1
L: g-3h-1=0

O
Therefore, [, =——
2 D27/

Check using M, L, t dimensions

-2

M 1 L°?
Mn=-2=-|Y == |-
2 D27 t2 L2 M []

Therefore, both systems of dimensions yield the same dimensionless Il
parameters. The functional relationship is

Ah o
et o a1 ]
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DIMENSIONLESS GROUPS OF SIGNIFICANCE IN FLUID
MECHANICS

There are several hundred dimensionless groups in engineering. Following tradition, each such
group has been given the name of a prominent scientist or engineer, usually the one who
pioneered its use.

Forces encountered in the flowing fluids include those due to inertia, viscosity, pressure,
gravity, surface tension, and compressibility. The ratio of any two forces will be dimensionless.
We can estimate typical magnitudes of some of these forces in a flow:

Inertia force=ma=m 2> =m u¥ ... | pLa\/\i=pL2V2
Dt OX L

Viscous force = 7A = ,ug—;Aoc y\{ L% = VL

Pressure force = (Ap)A oc ApL?
Gravity force=mg o« gpl®

Surface tension force= oL
Compressibility force=E, Ao E, L*
__dp

“dplp

\

Inertia forces are important in most fluid mechanics problems. The ratio of the inertia force to
each of other forces listed above leads to five fundamental groups encountered in fluid
mechanics.

The Reynolds number is the ratio of inertia forces to the viscous forces, and it is named after
Osbourne Reynolds (1842 - 1912).

_ Inertia force ~ pV?L*  pVL VL
Viscousforce  uVL u 1%

Reynoldsnumber =Re

2
Euler number =Eu = f (Pressure forceJ Apl"  Ap

i 1 1
Inertia force L VE L VL
2 2
where Ap is the pressure difference between local pressure and the freestream pressure.
Ap=p—p,

Inertia force ] ~ (pv 22 j% VL

Froudenumber =Fr = f =
(Gravity force o o] JoL
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3 2] 2 2] 2
Weber number = We — f( Inertia force J:pv L :pV L

Surfacetension force oL oL

[E, ¢
o)

FLOW SIMILARITY AND MODEL STUDIES

Inertia force J ~ ( PV 2L J% VoV

Mach number =M = f —— - - -
Compressibility force EL

where c is the local sonic speed.

When an object, which is in original sizes, is tested in laboratory it is called prototype. A model
is a scaled version of the prototype. A model which is typically smaller than its prototype is
economical, since it costs little compared to its prototype. The use of the models is also
practical, since environmental and flow conditions can be rigorously controlled. However,
models are not always smaller than the prototype. As an example, the flow in a carburetor might
be studied in a very large model.

There are three basic laws of similarity of model and prototype flows. All of them must be
satisfied for obtaining complete similarity between fluid flow phenomena in a prototype and in
a model. These are

a) The geometric similarity,
b) the kinematic similarity, and
c) the dynamic similarity.

Geometric Similarity: The geometric similarity requires that the model and prototype be
identical in shape but differ in size. Therefore, ratios of the corresponding linear dimensions in
the prototype and in the model are the same.

Kinematic Similarity: The kinematic similarity implies that the flow fields in the prototype
and in the model must have geometrically similar sets of streamlines. The velocities at
corresponding points are in the same direction and are related in magnitude by a constant scale
factor.

Dynamic Similarity: When two flows have force distributions such that identical types of
forces are parallel and are related in magnitude by a constant scale factor at all corresponding
points, the flows are dynamically similar.

By using Buckingham IT theorem, we can find which dimensionless groups are important for a
given flow phenomenon. To achieve dynamic similarity between geometrically similar flows,
we must duplicate all of these dimensionless groups.

For example, in considering the drag force on sphere we found that

F VD
i = 457
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Thus in considering a model flow and prototype flow about a sphere, the flows will be
dynamically similar if

()5
H model H prototype

Re

that is
Re

model — prototype

() L)
pVZDZ model pV2D2 prototype

The results determined from the model study can be used to predict the drag on the full scale
prototype.

then

Example: A one-tenth-scale model of a derby car, shown in the figure, is tested in a wind
tunnel. The air speed in the wind tunnel is 70 m/s, the air drag on the model car is 240 N, and
the air temperature and pressure are identical those expected when the prototype car is racing.
Find the corresponding racing speed in still air and the drag on the car.

Solution:
The functional relation for the drag force can be found by applying Buckingham-IT theorem
such that
F VD
7 =1 £ Rez—pVL
pV°L H 7

and the test should be run at

Re Re

model — prototype

m—m

78 Ho

PVl :pprLp

to ensure dynamic similarity The problem statements show that pm =pp and zm =z4. Then,
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V=v, Aty oy
Ly Py th L,
Vv, :Vmi=70i:7m/s
L 1

This speed is low enough to neglect compressibility effects. At these test conditions, the model
and the prototype flows are dynamically similar. Hence,

I:D _ I:D
PV VL)

( J(X 2relvi)

and

Example: A jet plane travelling at a velocity of 900 m/s at 6 km altitude, where the
temperature and the pressure are -24 °C and 47.22 kPa, respectively. A one-tenth scale model
of the jet is tested in a wind tunnel in which carbon dioxide is flowing. The gas constant for
air and carbon dioxide are 287 J/kg K and 18.8 J/kgK, respectively. The specific heat ratios
for air and carbon dioxide are 1.4 and 1.28, respectively. Also the absolute viscosities of the air
at -24 °C and carbon dioxide at 20 °C are 1.6x10° Pa.s and 1.47x10°° Pa.s, respectively.

Solution:

Determine
a)The required velocity in the model, and
b)The pressure required in the wind tunnel.

a) As long as the model jet plane is moving in a compressible fluid, then a free surface does not
exist. Therefore, it is not necessary to concern either with the wave or surface tension effects.
The Froude and the Weber numbers play no role for the dynamic similarity. In order to achieve
dynamic similarity, the Reynolds numbers and Mach numbers must be equal on the model and
on the prototype.

Then the velocity of the model jet plane is

VvV, =V

m

c, k.RT, & 1.28x187.8x 293
2=V, =900
c, k RT 1.4x 287 x 249

p-pp

b
) =755.14m/s
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b) The other requirement for the dynamic similarity is the equality of the Reynolds numbers

_ PVl pValn Re

p m

Hp M

Re

The density of air may be evaluated by using equation of state for a perfect gas

p, 47220 kg

PP TR 287x249 m’

Now, required density of the carbon dioxide may be evaluated as

LV 5
ZoVots _ g gp1x10x 00 ¥ 14T X107 45 kG
LVt 755.14x1.60 x 10 m

Finally, the required pressure of the carbon dioxide is

Po = PRy T = 7.24x187.7x 293 = 398.38 kPa
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INCOMPLETE SIMILARITY

To achieve complete dynamic similarity between geometrically similar flows all of the
dimensionless numbers in prototype and in the model (that is Re, Eu, Fr, We, M,.. ) should be
equal.

Fortunately, in most engineering problems, the equality of all of dimensionless groups is not
necessary. Since some of forces

i.  may not act
ii.  may be negligible magnitude or
iii.  may oppose other forces in such a way that the effect of both is reduced.

In some cases, complete dynamic similarity may not be attainable. Determining the drag force
of surface ship is on example of such a situation. The viscous shear stress and surface wave

resistance cause the drug. So that for complete dynamic similarity, both Reynolds and Froude
numbers must be equal between model and prototype. This requires that

To ensure dynamically similar surface wave patterns.

From the Reynolds number requirement

V.L VL
Re,, = i m=Rep=M

Vin vy

Vm _ Vi Lm

Vo Vo Ly

If we use the velocity ratio obtained from matching Froude numbers, equality of Reynolds
number leads to a kinematic viscosity ratio of

1 3
Vm _ Lin\? (L _ Ly \?
Vp - Ly Ly, - Ly,

If Lm/Lp equals 1/100 (a typical length scale for ship model tests), then v/ v, must be 1/1000.
Mercury, which is the only liquid, its kinematic viscosity is less than water. Thus, we cannot
simultaneously match Reynolds number and Froude number in the scale-model test. Then one
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is forced to choose ether the Froude number similarity, or the Reynolds number similarity. For
this reason, the experiments with the model are performed so that Frp = Frm which results
Rep >> Rem. The test results are then corrected by using the experimental data which is
dependent on the Reynolds number.

Example: The drag force on a submarine, which is moving on the surface, is to be determined
by a test on a model which is scaled down to one-twentieth of the prototype. The test is to be
carried in a towing tank, where the model submarine is moved along channel of liquid. The
density and the kinematic viscosity of the seawater are 1010 kg/m® and 1.3x10° m?/s
respectively. The speed of the prototype is 2.6 m/s.

a) Determine the speed at which the model should be moved in the towing tank.

b) Determine the kinematic viscosity of the liquid that should be used in the towing tank.

c) If such a liquid is not available, then the test may be carried out with seawater by
neglecting the viscous effects. In this case, determine the ratio of the drag force due to
the surface waves in the prototype to the drag force in the model.

a) Because of low speed of the submarine, the compressibility has no effect on the dynamic
similarity, and the Mach number plays no role.
The Froude numbers for the prototype and the model may be equated to yield.

|4 |4
Fr, = P_— mlerm

(g1, (gln)?
1 1

V.=V Lm§—26(1)§—058
m — Yp Lp = 4. 20 = U. m/s

b) To determine the kinetic viscosity of the liquid that should be used in the towing tank,
one may equate the Reynolds number in the model and prototype.

V,L VL
Repz—p P em
Vp Vin

Rearranging one may obtain
_ Vi \ (Lm\ _ P (0.58) ( 1 ) _ P
Vi = Vp <Vp) <Lp) = 1.3x10 56 )\20) = 1.45x107° m*“/s

C) However, one should note that a liquid with a given kinematic viscosity cannot be
practically formed. Then the test in towing tank may be carried out with seawater by neglecting
the viscous effects. In this case, only the equality of the Froude number is sufficient for the
dynamic similarity and the drag force is only due to the surface waves.

By using Buckingham n theorem one may obtain.

m = f(Re,Fr)

But in this case only the equality of the Froude number is sufficient, then
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m=f(FT)

Frmodei=FIprototype

), = v
'DVZLZ model pVZLZ prototype
2 2
Bo _Po Vo Lp”
1 1
L, \?2 v L, \2
Vi =V, <—m> > m <_m>
" P LP Vp LP
2 3
B L—”(L—p) = (L—”) = 20% = 8000
Frn Ly \Lpy Lm

This result must be corrected for viscous effects.
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